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small compared to absorption and the absorption coefficient is taken to be inversely pro-
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portional to wavelength. The exact solution is reduced to an infinite series of single inte-
grals. The optically thin and the next higher order behavior appear in closed form as the
first two terms in the series. Two approximate solutions are also developed. One is in good

agreement with the exact solution while the other is not. Finally, a closed form approxi-
mate relation is derived for the dimensionless heat flux at the surface. This expression,
which also gives the emissivity or absorptivity of the medium, is in excellent agreement

with the exact result.

Introduction

The equations describing the radiative heat transfer in an infinitely
long cylindrical medium are well known [1, 2]. Using the radial radi-
ative flux formulation of [2], several investigators have studied radi-
ative transfer in nongray gaseous media having discrete absorption
bands [3-10]. In [3-5] radiation was taken to be the only mode of
energy transfer while in [6-10] combined modes were considered.
Nongray continuum radiation due to particulates is also an important
contributor to the total radiative transfer in combustion systems [11].
Depending upon the fuel and how it is burned, the importance of this
particulate radiation will range from insignificant to dominant. Under
all conditions, however, the radiation from the combined gas/par-
ticulate mixture may be analyzed in a way such that one term in the
solution represents particulate radiation in the absence of any gaseous
participation [12]. Hence, the nongray problem concerning a purely
particulate medium is of fundamental importance to combined gas/
particulate analyses. In [13] the problem of particulate radiation in
a parallel plate geometry was considered. Approximate closed form
solutions for nonhomogeneous media were developed there. The
purpose of the present work is to develop exact and approximate re-
sults for isothermal particle suspensions in the more common com-
bustion geometry—cylindrical.

Exact Solution
The particles produced in the combustion of hydrocarbon fuels are
often small enough such that the radiative interchange may be pre-

dicted using the small particle limit of Mie’s equations. In this limit -

and for these absorbing particles, scattering is negligible and the
spectral absorption coefficient is reasonably approximated by [13].

k=C/\ §))]

“where C = cgfy, in which f,, is the local volume fraction of particles and
¢o is a constant whose value lies between 3 and 7. In the following
analysis, the particle concentration will be assumed spatially uniform

“and hence C will be constant.

The spectral, radial radiative heat flux is given in [2] for the general
case wherein the temperature and absorption coefficient are allowed
to vary with radius across the cylindrical mediurm. Using this spectral
result, the total radial flux for a homogeneous nongray particulate
medium having an absorption coefficient given by equation (1) may
be written as )

® /2
¢"(r) =4 fo Inn(Tw) fo cos ¥ Da(x1)dyd\

o /2
—4 f In(Ty) f cos v D(xs)dydA
0 0 ;

! Presently, graduate student at M.I.T.

Contributed by the Heat Transfer Division for publication in the JOURNAL
OF HEAT TRANSFER. Manuscript received by the Heat Transfer Division
February 29, 1980.

Journal of Heat Transfer

® /2 r¢
+4C j; AUa(T) j; cosy {° Dalxs)

r siny
d 7
XL dvdh (2)
cos Yy’
. /2 r dr’
+4C f A1 Ipn(Ty) f cos y Dalxa) dyd\
0 0 r siny cos Yy’
o /2 ro dr’
—4C f AUy (T,) f 008 f Dalxs) dyd\
0 0 r cos Yy’

where Ip x(T) is Planck’s blackbody intensity function and
x1 = CroA=Y[1 — (r/ro)2 sin2 ¥]V2 + (r/re) cos v}
x2 = CroA=Y[1 — (r/ro)? sin2 ]2 — (r/re) cos v}
x3 = Cr'A~Y[1 — (r/r)2sin2 y]V2 + (r/r") cos v} (3)
x4=Cr'A=Y=[1 — (r/r')2sin2 y]2 + (r/r’) cos v}
X5 = x4

and
1
Dy (x) = fo w1 = p2) 12 exp (—x/p)du (4)

The terms in equation (2) represent the following heat flows. The first
term is the contribution to the radially outward flux at point P (see
Fig. 1) from wall emission at points like B. The exponential quantity
in this term (which appears through D3) is the transmittance for the
line of sight from B to P. Wall emission from points like A which gets
transmitted to point P is accounted for in the second term. Since this
flow is radially inward, the term is negative. The third and fourth
terms are contributions to the radially outward flux resulting from
local particulate emission which is transmitted to point P. The third
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Fig. 1 Fundamental pathlengths for the cylindrical geometry
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term accounts for such emission along the path from B to C while the
fourth term accounts for the section from C to P. The last term in the
equation is the local particulate emission along the line of sight AP
which is transmitted to point P. It is radially inward and hence it is
negative.

The complexity of the integrals does not allow an exact closed form

solution to be obtained. Nevertheless, several of the integrals may be

performed analytically. This greatly reduces the numerical compu-
tation burden and, in addition, allows the optically thin and the next
higher order behavior to be achieved in closed form—appearing as
the first two terms in the infinite series solution. The transformations
leading to the closed form integrations are presented in detail in [14];
a brief outline is given below.

Initially, either the r’ or the A integration may be performed. It was
found, however, that performing the A integration first allows the
problem to be pursued further on an analytical basis. (The direction
into which the solution proceeds when the r’ integration is completed
first can be seen from the modified gray result given in the next sec-
tion.) Letting x = 1/A, the spectral integrals in equation (2) may be
cast into the form of Riemann’s zeta function {(», u/B). The key in
being able to go beyond this first integration and achieve further
analytical reduction lies in then expressing the zeta function as an
infinite series [15).

ﬁ @ xv—le—ux
, =— —d
S, ulf) = s f. 7T
Z (u/B+n)™ (5)
n=0
Using this series representation and defining
r CroTy CroT,
k =— = — = ——" 6
P, 177, (8)
6y, = (1+n)/7
Yk cosy ++/1—k?sin?y
(1+n)/7
627 = 0
—kcosy++/1—Fk%sin?y @
_ (1+n)/g
k cosy + /(' /ro}s — k?sin? vy
_ (1+n)q -8
k cosy —\/r'/ro)2 — k%sin? y ?

in which 7 will be either p or ¢, the expression for the radial heat flux
may be written as

q”(r) = 48C;C7*T,* Z " cos 7y
n=0
[fo [fa(B1p) - f4(ﬂ2p)]du] dy )

+192CC,C5°T,5 5
n=0
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In the second term in the above equation the three integrations with
respect to r’ are the same. Each may be completed in closed form by
first expressing dr’/cos v in terms of the 8;(j = 3, 4, 5). (It should be
noted from Fig. 1 that r sin v = ' sin v’ and hence cos ¥y’ = [1 — (r/r')2
sin? 4]1/2,) Then the integrations with respect to u may be completed
in closed form by first using trigonometric substitutions followed by
partial fraction expansions. The G, (8) functions which appear in the
final result below are generated at this point. ]

The remaining integrations with respect to -y may be completed
analytically only when the integrands do not contain the G, (8)
functions. Those integrations which can be completed are then able
to be summed exactly through the definition of the Riemann zetq
function, equation (5). The resulting expression for the radial radiative
heat flux then becomes

fm(ﬁ)=(1 m=4,5 (9)

q”(k) = F(q,k)oTg* — F(p, k)oTy* (10)
where
F(r, k) = cikt — cokfy (k272 + R(7, k) an
in which
51 o x/2 4 6
k)= —1)m+1(4 ~ m)
R(r b == nzo(1+n)4£=om§1( ym+1(
(GmB1)  Gm(Bar)
X {——— . ———=tcosydy (12)
l B2 Bz |
and
=2
fkn =2 f cos? y (1 — k2 sin? v)2dy (13)
w y=0

Closed form expressions for the G, (8) functions are given in the
Appendix. The function fi1(k2) may be identified as the hyper-
geometric function oF1(—1/2, 1/2; 2; k2). It decreases monotonically
from £1(0) = 1.00 to f1(1) = 0.85 and has very little curvature. The
constants ¢, and co have the values ¢; = 6!{(5)/7* = 7.664 and ¢, =
15:5!{(6)/7® = 59.06.

The solution is therefore seen to be governed by the single function
F(7, k). That this should be the case is certainly not obvious upon
inspection of equation (8). It is, however, clear on physical grounds
since for an isothermal medium the radial flux must vanish at all radii
when the wall and medium temperatures are equal. The fact that F
# F(p, g, k) is a consequence of the spectral absorption coefficient
being independent of temperature (see equation (1)). As a result, the
mean absorption coefficient of the medium for wall emission is in-
dependent of the temperature of the medium. Hence the second term
in equation (10), which is the part of the emitted wall energy which
is absorbed by the medium in the region 0 < r’ <r, is a function of the
wall temperature but not the medium temperature. Similarly, the
radially outward emission of energy by the medium (the first term
in equation (10)) is independent of the wall temperature. The fact that
p « Ty and g = T results from the mean absorption and emission
coefficients being linearly dependent upon the temperature of the

where sources of radiation [13]. This linearity in temperature stems solely
Nomenclature :
a,,bn = coefficients in Dp(x) approzima- F; = Gauss’ hypergeometric function o
tion f1(k?) = oF1 (—=1/2,1/2; 2; k%) Dp(x) heat fluxes, respectively

C = particle concentration parameter
Cy, C2 = first and second radiation con-
stants

1
Du(a)= (L = 2 exp (= /)
F, Fg, F4 = fundamental functions for the

exact, gray, and approximate Dy, (x) results,
respectively
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fa(k?) = oF; (1/2, 3/2; 3; k?)

Ipaw = Wien’s distribution

k = dimensionless radius

km = mean absorption or emission coeffi-
cient

k) = spectral absorption coefficient

P, ¢ = optical depths for wall and medium
emission

q”, gg”, ga” = exact, gray and approximate

@ = remainder function in div F’

R = remainder function in F

r, ro local radius and tube radius

T, Ty, Ty = general, medium and wall tem-
peratures, respectively

{ = Riemann’s zeta function

A = wavelength

o = Stefan-Boltzmann constant

7 = optical depth
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from the A~1 variation of the spectral absorption coefficient since the
radiative properties of the particles themselves are assumed inde-
pendent of temperature.

The Function F(7,k). The first two terms in equation (11) ap-
pear to be the beginning of a series expansion for F(7, k) in terms of
the optical depth 7. This observation may be verified by determining
the optically thin behavior of the function R(7, k). Substituting
equations (36) and (39) of the Appendix into equation (12) and taking
the limit as 7 — 0, it can be shown that

R(r, k) = g1(k)73 In (1/7) — ga(k)7®

where the functions g1(k) and go(k) are of the order of magnitude 10.
Hence for 7 << 1 it is seen that R(7, k) is negligible compared to the
first two terms in F(7, k), thereby demonstrating that these terms are
a valid expansion for F(r, k) in the optically thin region. From nu-
merical computations it was found that F(r, k) may be determined
to within one percent by using simply the first term in equation (11)
when 7 S 10~2 and by using only the first two terms when 7 < 1072,
The third term, R(r, k), initially achieves importance at small 7 as
a result of the first two becoming of the same magnitude but of op-
posite sign. At large 7 the first term is much smaller than either of the
last two. However, all three terms are important since the second and
third terms are of equal magnitude but opposite sign. Therefore, when
7 2 1072 all terms must be retained in the computation.

Figure 2 presents the function F(7, k). A simple physical inter-
pretation of its behavior is obtained by noting that when T, = 0 K
the radial flux is only a consequence of medium emission: ¢” (k) = F(q,
k)aTg* Under optically thin conditions, energy emitted within the
cylinder 0 < 1’ < r escapes from it without being absorbed. Similarly,
energy emitted within the surrounding annulus r < r’ < rg passes
through the cylinder region without being absorbed. The net radially
outward flux at r is then simply equal to the total energy emitted
within the cylindrical region (proportional to its volume) divided by
the surface area of the region: ¢” (r) = 4(V/A)k,aTg?, in which &, is
the Planck mean emission coefficient. For media composed of small
particles whose spectral absorption characteristics are given by
equation (1), it was shown in [13] that k, = 3.83 CT,/C2. Hence in the
optically thin limit, F(r, k) = 7.67 k. This result is also predicted by
equation (11). The linear proportionality with respect to both 7 and
k in this limit may be seen in Fig. 2.

Deviation from linearity occurs for 7 > 1073, This is a result of two
physical effects. First, of the energy emitted within the cylinder region
some is absorbed internally and therefore not all escapes. Hence, the
radial flux due to this emission increases at a slower rate with optical

TK1 (14)
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Flg. 2 The single function which determines the radial flux. Also the di-
Menslonless flux when T, =0
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depth than in the optically thin region. Secondly, radiation from the
surrounding annular region no longer passes completely through the
cylinder region but experiences progressively greater absorption in
it as the optical depth increases. This, then, contributes an inward
radial flux—directly reducing the net outward flux. At the surface
of the medium (r = rp) where there is no inward flux for T\, = 0, the
net flux simply increases with optical depth (at an ever diminishing
rate of increase) until blackbody emission is asymptotically achieved.
However, at points internal to the medium (r < ry), the ever increasing
inward flux (due to increasing absorption in the cylinder region of the
increasing emission from the annular region) counterbalances the
outward emitted flux. The tradeoff causes a maximum in net radial
flux to be achieved. As the optical depth is increased, the annular
emission approaches blackbody radiation at temperature T, and all
of it is absorbed within the cylinder region. The energy emitted within
the cylinder region also becomes blackbody at T and it is absorbed
within the annulus. As a result, the net flux, and hence F(r, k), go to
zZero.

The Function div F(r, k). When determining the temperature
and concentration distributions in combustion systems, a first law
analysis requires a specification of the divergence of the radiative heat
flux. Although the present analysis applies strictly to homogeneous
systems (where specification of the flux divergence is clearly unnec-
essary) the results can nevertheless serve as a first approximation to
the radiative transfer in nonhomogeneous systems. Such an approx-
imation is particularly useful when the radiative transfer represents
only one part of a complex combustion analysis.

The divergence of the radial heat flux is defined by the single
function div F(r, k). This function may be determined by differen-
tiating equation (11) and using the relationship given in equation (40)
of the Appendix. The result is

rodiv F = 2¢17 — ¢5[2f1(k2) — (R%/4)f2(k?)]72 + Q(7, k) (15)

where
35! = 1 /2 4
= R— —_— —1)ym+1
Q(r, k) s ngo(l ) Jamo "El( )
6 Gm (ﬁlf) Gm (627)
xa=m ” B2 - Bo,? ]
2
T l Y v(1/p)[mGm+1(B1:) = (m + 2)Grm (1]
2
- (11n)2 v(p)[mGpr+1(Bar) — (m + 2)Gm(ﬂ27)]} cosydy (16) -
in which
p(x) = 2x[(1 +2)7! = (1 — k?)/2] an
p = B1r/Ba (18)

The function fa(k?) is the hypergeometric function oF; (1/2, 3/2; 3;
k2). It increases monotonically from f2(0) = 1.00 to fo(1) = 1.70 and
has significant upward curvature.

In the optically thin limit the function @(r, k) has the same form
as R(7, k), with the corresponding g; (k) functions being of order 100.

In this limit, @(7, k) is therefore negligible compared to the first two

terms in equation (15). From numerical computation it was found that
ro div F may be determined to within one percent by using only the
first term in equation (15) when 7 5 1073 and by using only the first
two terms when 7 < 10~2, This behavior is similar to that of the
function F(r, k) itself.

Figure 3 presents the function ro div F(r, k). As with F(r, k) a
physical interpretation is facilitated by noting that the function is
exactly the flux divergence resulting from medium emission only, i.e.,
T, = 0 K. In the optically thin limit, there is no self-absorption and
all of the energy emitted by a dr element must escape radially. Hence,
this emission per unit area (which is directly proportional to optical
depth) exactly defines the div q”. Although the energy emitted by each
dr element is not the same, the emission per unit area is identical.
Hence, in the optically thin limit r¢ div F must be independent of
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radius and directly proportional to optical depth. These trends are
seen in Fig. 3 and are predicted by the first term in equation (15). As
the optical depth increases, the photon mean free path decreases, and
the center of the cylinder becomes the first region unable to see the
0 K environment surrounding the medium. It is therefore the first
region which sees an essentially isothermal environment at the tem-
perature Ty Under these circumstances both ¢” and div ¢” will de-
crease in the central region of the cylinder as the optical depth in-
creases. The central region itself will expand with increasing optical
depth. Hence, with the surface flux increasing monotonically with
optical depth while the flux within the medium is approaching zero
at ever larger radii, the div ¢” will become larger within an ever nar-
rowing annular region. As the optical depth approaches infinity the
central region expands to the surface and the div ¢” approaches zero
everywhere internal to the cylinder. At the surface, however, the div
q” approaches infinity as a result of the step change in flux across the
interface.

q”(r): Exact and Approximate Solutions

The Exact Solution. When either the wall or the medium is cold,
equation (11) and Fig. 2 give the dimensionless flux exactly. That is,
for Ty =00r T, = 0,F(7, k) = q" (k)/(6Tg* — ¢ Ty,*). However, when
the wall and medium emissions are both important, equation (10)
must be used and the optical depths for both emission and absorption
by the medium (g and p respectively) enter the solution. Equivalently,
since p/q = T,/ Ts one may consider the parameters g and T\,/T as
defining the solution at a given radius. It should also be noted that
if p and q are interchanged (equivalent to interchanging T, and T})
the same value is obtained for the dimensionless flux. Expressions
for the heat flux in the optically thin limit may be written by appro-
priately using the one and two term expressions for F(r, k) discussed
in the previous section. For example, when both p and ¢ are less than
1073 (equivalently ¢ < 1073 and T,,/T 5 1.0) the dimensionless flux
is accurately given by

Q) [L=(Tu/Ty)
0Tet = Tt |1 — (Tuw/Te)Y

The function of the temperature ratio in brackets above increaseg
monotonically with T./Tg. It has the values of 1.0 and 1.25 for
(T'w/Tg) = 0, 1.0 respectively; and it approximately equals (T.,/7,)
for large arguments.

The dimensionless heat flux has been computed exactly from
equation (10) in the following parameter ranges: 1075 < ¢ < 103 anq
0.0 < (Tw/Tg) < 10.0. When plotted, the results for a fixed temper.
ature ratio always appear similar to Fig. 2 (the dimensionless flux for
Tw/Tg = 0). The essential difference is that the curve for a given ra.
dius shifts toward smaller values of g as T'/T is increased. Plots of
the dimensionless flux at various temperature ratios will not been
presented. Rather, the results for ¢ = 0.1, 1.0, 10.0 are presented in
Table 1. The peaks of the curves lie in or near this range of ¢ when
(TW/Tg) < 10.

The Gray Approximation. By performing the geometric inte-
grations in equation (2) first, a spectral or gray solution results. The
r’ integrations may be completed for a medium in which the absorp-
tion coefficient is spatially uniform by using the substitution y =
[(r'/r)2 — sin? v]1/2 along with its implication dr’/cos ¥’ = rdy. Finally,
letting x = sin vy and combining the wall emission terms into a single
term and the medium emission terms into a single term, the radial
heat flux becomes

qr"(R) = Fyg(ry, BYEp\(Tg) — Fg(rx, R)Epa(Tw)

kq (19)

(20)
where

4 p1 pl u?
T
s(m k) T Jx=0Ju=0 (1 — u?)1/2

{exp [— I (V1—k2%2%— k1 — xz)]
u

—exp [~Q(\/1 —k2%x2+ k1 —x2)] dudx (21)
n

© 10 and 7, = kro. The above spectral result will also be the solution for
= the total radiative interchange if the medium is gray and if an ap-
:i B propriate mean absorption coefficient can be defined.
% I~ As shown in [13] the Planck and Rosseland mean coefficients cor-
-~ responding to k) = C/A have the same form:
o |
2 o4 km = BCT/Cy (92)
fo 10 L where B equals 3.83 for the Planck coefficient and 4.00 for the
= — 10 Rosseland. (The value of 3.60 given in [13] for the Rosseland coeffi-
£ — 10 cient is in error.) For use over the full range of optical depths it is
'-‘>- reasonable to assume a mean value of 3.91. Also, it is noted that since
B = 0.0 100 the coefficient &, is linearly proportional to temperature, the mean
o oA 1 emission coefficient (characterized by T}) will be different from the

e
00 0.2 04 06 08
k=r/ry

Fig. 3 The single function which determines the flux divergence. Also the

10

mean absorption coefficient (characterized by T},). If this difference
is not accounted for, the gray solution will be independent of T,/ T,.
Since this contradicts the nature of the exact solution, the gray result
should be modified as follows

dimensionless flux divergence when T,, = 0 Q" (r) = Fg(ry, R)oTg* — Fy(Tw, kK)o Ty (23)

Table 1 The dimensionless heat flux q”/o(Tgz* — T\ *) as computed exactly and by two approximate methods

g =01 qg = 1.0 g =100
k Tw/Ty; = 0.0 1.04 10.0 0.0 1.0 10.0 0.0 1.0 10.0
0.0824! 0.0918 0.0388 0.0357 2.30E-2 1.79E-4 1.83E-4 5.55E-5 1.85E-7
0.2 0.09152 0.1028 0.0180 0.0144 4.37E-3 —1.80E-6 3.27E-15 —7.65E-14 —~3.27E-9
0.08523 0.0954 0.0320 - 0.0320 1.88E-2 4.74E-5 5.06E-5 5.39E-6 2.40E-9
0.258 0.290 0.174 0.166 0.121 1.61E-3 1.63E-3 5.45E-4 1.96E-6
0.6 0.284 0.322 0.123 0.111 0.066 —~1.22E-5 2.24E-8 —9.62E-8 -2.24E-12
0.265 0.300 0.157 0.158 0.109 6.24E-4 6.40E-4 497E-4 5.82E-8
0.474 0.548 0.961 0.963 0.980 1.000 1.000 1.000 1.000
1.0 0.514 0.596 0.989 0.992 0.996 1.000 1.000 1.000 1.000
0.481 0.558 0.972 0.972 0.985 1.000 1.000 1.000 1.000

3 Solution using D, (x) = a,e~?s* and Wien’s distribution (corrected)
4 Values obtained by interpolation hetween 0.9 and 1.1 results

! Exact solution
2 Modified gray solution
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where
T4 = BCroT,/Cy = 391 ¢ (24)
Tw = BCroTw/Cz = 391 P (25)

In Table 1, values of the heat flux predicted by the above approx-
imate expression are compared with those computed from the exact
solution. The modified gray result predicts the general trend with
T,/Tg but it is somewhat inaccurate. It was found to be in good
agreement (S 5 percent error) only when g < 0.01 and (T/Tg) 5 10.
Additionally, it predicts negative results (which violate the second
law) at large optical depths when T,,/T;; > 0. (After careful study of
such results we are convinced that the negative values stem from the
modified gray approximation and not from computational inac-
curacies.) A better approximation is clearly desireable.

Approximate Geometric Integration. The second approximate
solution investigated here accounts exactly for the nongray properties
of the particles and instead performs the geometric integrations in
an approximate way. The functions D, (x) appearing in equation (2)
are approximated as D, (x) = a,e~bn* after the manner of [3, 4]. In
addition, Wien’s distribution, Ipx, = 2C1A 7% exp (—Co/AT), is used
to approximate the Planck function. Introducing these approxima-
tions, the spectral integrals acquire the same form as they had in [13].
This, however, is to be expected since the geometric functions of the
cylindrical geometry, Dy, (x), are being approximated here in the same
way as the geometric functions of the planar geometry, E,(x), were
approximated in [13}. Performing these spectral integrations followed
by the 1’ integrations, the following approximate result is obtained
for the radial heat flux

801(123!
baCat

qa” (k) = [Fa(rga, R)Tg* ~ (asbo/a)Fy(Twa, R)Tw?  (26)

where

/2
Fa(7, k) = f . {[1 + 7(/1 — kZsinZ y— k cos y)]~*
y=

~[1+7(/1T—E%sin®?y + kcosy)]Ycosydy (27)
and
Tga = boCroTy/Co = bog (28)
Twd = baCroTy,/Cqe = bap (29)
The coefficients in the D, (x) approximation are taken to be [4]:
as = 372/32 as = w/4 ‘
be = 37/8 by = 37/8 (30)

As a consequence, (agba/as) = 1.0, (8C1a43!/69C4) = 0.924 ¢. Then,
normalizing equation (26) by dividing it by the difference between
the hemispherical emissive powers computed from Wien’s distribution
(Epp = 0.924 ¢T1), it is seen that the 0.924 coefficient cancels. This
automatically corrects for the inherent underprediction of flux em-
bodied in the use of Wien’s function. The result is

q"k) ga” (k)
0Tt — 6Ty*  0.924(0Tyt - 6Ty%) ‘
- Fd(ng,k)Tg4 = Fg(70a,R)T)*
Tyt — T
At the surface of the medium (k = 1) the dimensionless flux may
be determined in closed form. It is straightforward to show using a
table of integrals [15] that
34+2072—-87% 4(r3%7)
6(1— 4723~ (1— 4793
where the upper signs are to be used for 27 > 1 and the lower signs for
27 < 1. When 27 = 1, F4(0.5, 1) = 0.124. The function G1(3) is given
by equation (36) in the Appendix. It should be noted that the emis-

sivity and absorptivity of the nongray cylindrical medium are given,
respectively, by

(31)

Fa(r,1)=1+ G1(27) (32)
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€= Fy(1gq, 1) (33)

and
a = Fy(74a,1) (34)

The numerical computations in Table 1 show that this approximate
solution is quite accurate. The largest errors occur when q or p is large
(i.e., when g or (T,,/T) is large). This, however, is to be expected since
the coefficients in the approximations to the I, (x} were obtained by
requiring accurate representations at short pathlengths [4]. The error
introduced by using Wieun'’s distribution is nearly the same for all
pathlengths and is much less than the error introduced by the Dy, (x)
approximation at large pathlengths. The simple closed form solution
for the heat flux at the surface given by equation (32) is remarkably
accurate over the full range of optical depths.

Conclusions

Exact and approximate solutions have been developed for the radial
radiative heat flux in a nongray cylindrical medium. In the exact so-
lution, several of the integrals which originally appear in the formu-
lation have been completed in closed form. The final result appears
as an infinite series of integrals in which the first two terms (the op-
tically thin and the next higher order term) are known in closed form.
Upper limits on the optical depth have been established below which
either the first term or the first two terms in the series will accurately
represent the radial heat flux. Similar considerations were also given
to the determination of the flux divergence.

In addition, two different approximate solutions have been derived.
The first approximates the spectral integrations by assuming that the
absorption coefficient is independent of wavelength, i.e., that the
medium is gray. The gray result is then modified to allow the mean
absorption coefficient to be different from the mean emission coef-
ficient. Nevertheless, good agreement with the exact result is only
achieved at small optical depths.

The second approximate solution performs the geometric inte-
gration in an approximate way and uses Wien’s distribution instead
of Planck’s in the spectral integrations. The values of the radial heat
flux predicted by this result are in good agreement with the exact
solution over a much wider range than those of the modified gray re-
sult. In addition, a simple closed form expression for the heat flux at
the surface is obtained. This expression, which is also the emissivity
or absorptivity of the medium, accurately predicts the exact result
over the full range of optical pathlengths.
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APPENDIX
The G, (8) functions are defined by:

Gn(B) = f:rf (1+ Bcosa) ™da (35)

It is clear from the above equation that Go(8) = 7/2. Using a table of
integrals [15] it can be shown that '

ﬁ%’fﬁ tan=1 [(1 - F)V2/(1 + B)], f*<1
G1(B) = (36)
Lbf+ (B - D

2 -1/2
(5= 17 [1 +8- (8-

with G1(1) = 1. Form > 1, the G, (8) functions may be expressed in
terms of G1(B) through the recurrence relation derived below. From

g2>1

126 / VOL. 103, FEBRUARY 1981

[15] it is seen that the integral defining G,,(8) may be written as

w/2
‘I(; (1+Bcosa) ™o
D S
(m —1)(1 - B?%)

/2
+(m-2)8 j; 1+ Bcosa)y~mDeosade} (37)

[5 - (m-1) J;r/z (1 + B cos a)~{m=Dg g

The last term in this equation may be written in terms of Gn(B)
functions by noting that

(1+Bcosa)yleosa=[1—(1+8cosa)1}/B (38)

Substituting the above into equation (37), combining terms and using
equation (35), the following relationship is obtained

Grn(B) = — B+ (m — 2)Gp-oB)

—r
(m - 1)(1 - B2)

—(2m = 3)Gn B m =2 (39)

For m > 0, the G, (B) functions decrease monotonically to zero as 8
increases. When 8 = 0, G, (0) = w/2 for all m; and when m < n, G, (8)
> Gn (B) :

In developing the result for div F(r, k), derivatives of the G, (8)
functions are required. These derivatives may be expressed in terms
of the functions themselves. By taking the derivative of equation (35)
and then introducing equation (38), it follows that

dGn(B)/dB = [Gr+1(8) — Gn(B)m/B (40)
Hence the appearance of Gr+1(8) in equation (16).
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